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Abstract
We study 6nite graphs which are covered by the 1-skeleton of a building of type A˜n and with
an extremal spectral property: they are A˜n-Ramanujan in the sense of Lubotzky. That de6nition
is made quantitatively explicit, re6ned in the directed case, and a few candidates are suggested.
c© 2002 Elsevier B.V. All rights reserved.
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1. Introduction
A 6nite regular graph of degree k is said to be Ramanujan if, apart from the trivial
eigenvalues ±k, its spectrum (the spectrum of its adjacency matrix) is contained not
only in [−k; k] as Perron–Frobenius guarantees [1, Proposition 3.1], but in the smaller
range [−2√k − 1; 2√k − 1]. This range is in some asymptotic sense the smallest pos-
sible as was shown by Alon and Boppana (see [16, p. 57] or [18]). The concept of
Ramanujan graph introduced in [18] has received a lot of attention in computer sci-
ence [22], combinatorics [11,15], and number theory [7,9,13]. A k-regular graph X is
a Ramanujan graph if and only if its Ihara zeta function ZX (s) satis6es the “Riemann
hypothesis”, i.e., all poles of ZX (s) in 0¡s¡1 lie on the line s= 12 [16, p. 58].
Extremal spectral properties corresponding to the Ramanujan property have been de-
6ned for hypergraphs and bipartite graphs [7], weighted graphs [21], cubical complexes
[10], and, more recently, to multipartite graphs [24]. A far-reaching generalization that
encompasses most of these was introduced by Lubotzky [17]: 6nite graphs with a
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common universal cover X and, roughly speaking, the most concentrated spectrum
compatible with that constraint.
In this note we explore a subcase of [17,24]: the case of X the skeleton graph of an
A˜n building. We also introduce a directed version of Lubotzky’s de6nition. We present
a few conjectural Ramanujan geometries and motivate these.
2. Denitions and notations
A graph is called r-partite if its vertex set can be partitioned into r disjoint subsets Vi,
i= 1; : : : ; r, called parts, so that no two vertices in the same part are joined by an edge.
For instance, a 2-partite graph is just a bipartite graph. Such a graph will be called
regular if there are integers dij¿0 such that for each vertex v∈Vi there are exactly dij
edges connecting v to some vertex in Vj. The degree matrix D= (dij) satis6es dii = 0
for i= 1; : : : ; r. Counting in two ways the total number of edges between part i and
part j we see that vidij = vjdji, where vi = |Vi|. An r-partite graph can also be seen as
an abstract simplicial complex with points, lines, hyperplanes, etc.
Recall that a cover of a graph G by a graph G′ is an onto map from V (G′) to V (G)
which maps adjacent vertices in G′ to adjacent vertices in G and which is 1–1 in the
neighborhood of every x∈V (G′). A graph  is said to be universal for a class G of
graphs if each graph in G can be covered by .
• For r = 1, regular graphs of degree k admit the k-regular in6nite tree Tk as universal
cover. This was the idea underpinning [18].
• For r = 2, bigraphs of bidegree (k; l) (see [24]) admit the biregular in6nite tree Tk; l
with bidegree (k; l) as universal cover. This was the basic insight of [14].
• For r = 3, already the consideration of the building F of type A˜2 associated with
a local 6eld F (see Section 3 below) shows that several covers are possible for
D= (q2 + q + 1)(J − I), with q¿1 a prime power (J is the matrix with all entries
1). The reason is that q here is the order of the residual 6eld of F . There are diMerent
local 6elds with the same q, for example F =Fq((X )) and F =Qq when q is prime.
These result in non-isomorphic buildings F [23, Theorem 10.22] corresponding to
the same degree matrix D.
Buildings, such as those mentioned in the previous remarks, are certain simplicial
complexes (see [2]). Two points in the underlying vertex set are called adjacent if
they lie in a common simplex. This results in a graph called the 1-skeleton of the
building; it has the same vertex set as the building, and its edges consist of the pairs
of adjacent vertices.
Given an in6nite locally 6nite graph X with bounded degree, one can de6ne its spec-
tral radius (X ) as the supremum of || where  ranges over the adjacency spectrum
of X . Denote by (X ) the common value of the spectral radii of all the 6nite graphs
covered by X (see [17]). Note that (X )6(X ) [17, p. 158]. For instance, if X =Tk
then (X ) = k by Perron–Frobenius and (X ) = 2
√
k − 1. If X =Tk; l, then (X ) =
√
kl
and (X ) =
√
k − 1 +√l− 1.
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Following [17, p. 160] one can de6ne a 6nite graph Y to be X -Ramanujan if it is
covered by X and for every eigenvalue  of Y either =±(X ) or ||6(X ).
In this note we determine (X ); (X ) for X the 1-skeleton graph of an A˜n building.
Note that for n= 1 we obtain for X the homogeneous tree, the universal cover of
regular graphs.
3. Buildings of type A˜n
Let us recall the standard construction of the buildings of type A˜n [23, Section
9.2]. Some familiarity with local and 6nite 6elds is assumed. Let F be a local 6eld
with ring of integers O and residual 6eld O=$O∼=Fq. Denote by v its integer-valued
valuation function. Here $∈O satis6es v($) = 1. A lattice is the O-submodule of
Fn+1 generated by some F-basis of Fn+1. We call lattices L; L′ equivalent if L′ = tL
for some non-zero t ∈F . We denote by [L] the equivalence class of a lattice L. The
set of all such lattice classes is isomorphic to PGL(n+ 1; F)=PGL(n+ 1;O). The type
#([L]) of [L] is v(det(L)) mod n + 1, a quantity which does not depend on the chosen
representative in the class. Two lattice classes [L1] and [L2] are called adjacent if, for
suitable representatives L1; L2 of these classes, we have $L1 ⊆L2 ⊆L1.
We obtain a simplicial complex by de6ning a simplex to be a set of r pairwise
adjacent lattice classes; the maximal simplices are those for which r = n + 1. This
simplicial complex is the A˜n building associated with F . For n= 1, the building is a
graph, namely the in6nite regular tree of degree q+1. For n= 2, the building comprises
points, edges and triangles. When n¿2, the building depends on F , not just on q, but
abusing notation somewhat, we denote by Xn;q its 1-skeleton graph, which is an in6nite
n + 1-partite graph. The vertex set of Xn;q is the set of lattice classes [L], and the ith
part is the set of [L] such that #([L]) = i.
Recall the formula for the gaussian q-binomial:
(
n
j
)
q
=
(qn − 1) · · · (qn − qj−1)
(qj − 1) · · · (qj − qj−1) :
For j= 1; : : : ; n, each vertex x is adjacent to ( n+1j )q vertices y such that #(y) =
#(x) + jmod n + 1 [25, p. 133].
Theorem 1. For all (n; q) we obtain
(Xn;q) =
n∑
k=1
(
n + 1
k
)
qk(n−k+1)=2 and (Xn;q) =
n∑
k=1
(
n + 1
k
)
q
:
Proof. See [25, Chapter 2, Section 12.20, (12.21)] for the 6rst assertion. The second
assertion follows from Perron–Frobenius [1].
We now de6ne a directed version of the de6nition of the preceding section. Denote
by X kn; q the subgraph of Xn;q where x is connected to y iM #(x) = #(y) + k mod n + 1.
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Fig. 1.
Let %n; k denote the set of complex numbers of the form &k(s0; s1; : : : ; sn), where &k
is the kth elementary symmetric polynomial, and where the sj’s have modulus 1 and
product 1. This set is bounded by the curve with n + 1 cusps
'(() =
1
n + 1
(
n + 1
k
)
eik((ke−i(n+1)( + n + 1− k); 06(62);
obtained by taking all but one of the sj’s equal to ei( and the other one e−in(, and
varying ( [6]. It is easy to see that %n; k =%n;n+1−k . Let Cn; k denote the dilation of
%n; k by the factor qk(n−k+1)=2. Two examples are given in Fig. 1.
As another example, C2;1 =C2;2 is bounded by a hypocycloid (see Fig. 2 below). For
a 6nal example, note that C3;2 is simply the interval [−6q2; 6q2]. For when s0s1s2s3 = 1
and |sj|= 1 for each j, &2(s0; s1; s2; s3) is the sum of 6 terms sjsk of modulus 1, and is
in R because, for example, Qs0 Qs1 = s2s3.
A directed graph will be said to be strongly A˜n-Ramanujan of type k if it is covered
by X kn; q and if its non-trivial (i.e., of modulus less than (X
k
n; q) = (
n+1
k )q) spectrum is
contained in Cn; k .
The spectrum of the homogeneous tree X1; q is C1;1 = [−2√q; 2√q]. More generally,
the spectrum of X kn; q is Cn; k [6] (see [3] for the case (n; k) = (2; 1)). So our de6nition
is motivated by the following weak∗-convergence result [8]:
Theorem 2. Let Gm be a family of =nite graphs which converges towards Xn;q as
m→∞. Then the spectrum of Gm converges to the spectrum of Xn;q.
Proof. This follows by [8, Lemma 4].
Our de6nition of strongly A˜n-Ramanujan of type 1 may also be motivated by repre-
sentation theory, at least when n62. Recall that an irreducible unitary representation
) of G= PGL(n+ 1; F) is called spherical if there is a non-zero vector 6xed by )(k)
for all k ∈K = PGL(n + 1;O). The space of vectors 6xed by all )(k) is then one
dimensional.
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Fig. 2.
Let - be a discrete cocompact subgroup of G. Let . be the Borel measure on -\G
invariant under the right action of G and corresponding to the Haar measure on G
normalized so that K has measure 1. Right multiplication of G on -\G gives us a
unitary representation  of G on H=L2(-\G; .).
Now - acts on the vertex set X =G=K by left multiplication. Let Y denote the
6nite set -\G=K , and assume that Y inherits a multipartite graph structure from G=K
so that the natural map G=K→Y is a cover. Let A1 denote the adjacency operator
de6ned on functions on Y by (A1f)(y) =
∑
f(y′), the sum being over the neighbours
y′ of y such that #(y′) = #(y) + 1 mod n + 1. If we assume that - acts freely on
X , or equivalently, -∩ gKg−1 = {1} for each g∈G, then a function f on Y satis6es∑
y∈Y |f(y)|2 = 1 if and only if the corresponding function on -\G has norm 1 in H.
Taking n= 1, the spherical representations of G can be naturally parametrized by
[−(q + 1); q + 1] [17, Theorem 5.4.2]. Amongst these, the “principal series” spherical
representations of G are parametrized by [−2√q; 2√q].
Now take n= 2. Let g1 and g2 be the images in G of the diagonal matrices with
diagonal entries ($; 1; 1) and ($;$; 1), respectively. Let j be the indicator function of
KgjK for j= 1; 2. The space Cc(G==K) of compactly supported bi-K-invariant functions
is a commutative convolution algebra generated by 1 and 2 [19]. If ) is a spherical
representation of G, and if u is the essentially unique vector of norm 1 6xed by )(k)
for all k ∈K , then ’(g) = 〈)(g)u; u〉 is characterized by the properties (i) ’(1) = 1, (ii)
’ is bi-K-invariant, (iii) ’ ∗ 1 = Q’ and ’ ∗ 2 = ’ for some ∈C, and (iv) ’ is
positive de6nite. We write ’=’ and  in place of ).
The set of  which arise in this way (see [4, pp. 230–231]) consists of the three
points (q2 + q + 1)e2)ij=3, j= 0; 1; 2, together with the region bounded by the curve
'(() = q((q1=2 + q−1=2)ei( + e−2i(); 06(62):
This region strictly contains the set C2;1 de6ned above (see Fig. 2). The ∈
C2;1 parametrize the “principal series” spherical representations of G= PGL(3; F)
(see [4]).
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Theorem 3. Let - be a cocompact discrete subgroup of G= PGL(3; F) acting freely
on G=K , and assume that Y =-\G=K inherits a 3-partite graph structure from G=K
so that the natural map G=K→Y is a cover. Then  is an eigenvalue for the ad-
jacency operator A1 of Y if and only if the spherical representation  occurs as a
subrepresentation of the representation  of G acting on H=L2(-\G; .).
Proof. Let L0 be the lattice O3. For g∈G, g[L0] is adjacent to [L0] and #(g[L0]) = j
if and only if g∈KgjK . So, identifying functions on the vertex set G=K of X2; q with
right K-invariant functions on G, the adjacency operator of the directed graph X 12; q,
also denoted by A1, is given by A1F =F ∗ 2 (note that 2(g−1) = 1(g)).
Identifying functions on Y with left -- and right K-invariant functions on G, we
again have A1F =F ∗ 2, where now A1 is the adjacency operator for Y . Using the
natural inner product for functions on Y , it is easy to see that the adjoint of the
operator A1 is A2, which satis6es A2F =F ∗ 1. Since Cc(G==K) is commutative, we
have 1 ∗ 2 = 2 ∗ 1. Thus A1 is a normal operator acting on functions on Y , so if
A1F = F , then A2F = QF .
If  is an eigenvalue of A1, acting on functions on Y , with eigenfunction F , then we
may regard F as in H, with (k)F =F for all k ∈K . We may assume that 〈F; F〉= 1.
Hence ’(g) = 〈(g)F; F〉 is a bi-K-invariant function on G, with ’(1) = 1. Imitating the
proof on [17, p. 74], we see that ’ ∗ 1 = Q’ and ’ ∗ 2 = ’. Hence ’=’, and the
closed linear span in H of the (g)F , g∈G, gives a subrepresentation of  equivalent
to .
Conversely, if V is a closed G-invariant subspace of H such that , restricted to
V , is equivalent to , let F ∈V be the essentially unique element of V such that
(k)F =F for all k ∈K , 〈F; F〉= 1 and 〈(g)F; F〉=’(g). For j= 1; 2, F ∗ j is in
V because V is closed and (g)-invariant for all g∈G. Also, (k)(F ∗ j) =F ∗ j
because j is right K-invariant. By the essential uniqueness of F , we have F ∗ j = cjF
for some c1; c2 ∈C. Thus c2F =F ∗ 2 =A1F and c1F =F ∗ 1 =A2F , regarding F as a
function on Y . Hence c1 = Qc2, since A1 is normal. By the previous paragraph we have
’c2 (g) = 〈(g)F; F〉=’(g). Hence c2 = , since = (’ ∗ 2)(1) = (q2 +q+ 1)’(g1),
because Kg1K is the union of q2 + q + 1 cosets gK (corresponding to the type 1
neighbours of [L0]), and ’ is constant on Kg1K . Thus  is an eigenvalue of A1.
4. Some candidates
We sketch out a construction of candidates for strongly A˜n-Ramanujan directed
graphs for the case of F of positive characteristic.
4.1. An explicit X 1n; q
We recall the construction of A˜n groups in [5]. Set d= n + 1 and let 5 denote the
Frobenius automorphism of Fqd =Fq. Extend it termwise to Fqd(Y ), Y an indeterminate.
We form a cyclic simple algebra A of dimension d2 over Fq(Y ) by adjoining to Fqd(Y )
an element & such that &d = 1 + Y , and &x=5(x)& for x∈Fqd(Y ). This algebra is a
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division algebra, but by enlarging the 6eld Fq(Y ) appropriately, it becomes a matrix al-
gebra. For example, choose 6∈Fqd such that TrFqd =Fq(6) = t1 = 0. Choose another inde-
terminate X , and then NFqd (X )=Fq(X )(1+6X ) = 1+t1X+· · ·+tdX d for some t2; : : : ; td ∈Fq.
Now Fq(X ), respectively, Fqd(X ), is a d-dimensional 6eld extension of Fq(Y ), respec-
tively, Fqd(Y ), if we map Y to t1X + · · ·+ tdX d. Because 1 +Y = NFqd (X )=Fq(X )(1 +6X )
is a norm, A⊗ Fq(X ) splits, i.e., is isomorphic to Md×d(Fq(X )). An explicit isomor-
phism is given in [5]. This map plays the role for n¿2 that the standard map between
quaternions and SU (2;C) plays for n= 1 in [18].
For example, if q= 3 and n= 2, then we can write Fqd =F27 as F3((), where
(3 = (+ 1. Take 6=−(2, which has trace 1. With the choice 1; (; (2 for basis of F27
over F3, the isomorphism of [5] maps ( and & to, respectively,
T =

 0 1 00 0 1
1 1 0

 and S =−

 X − 1 X X1 X − 1 0
−1 −X − 1 X − 1


and maps Y to X + X 2 − X 3. These facts completely specify the isomorphism.
Returning to the general situation, de6ne b1 = 1+Y +
∑d−1
j=1 &
j ∈A, and for u = 0 in
Fqd de6ne bu := ub1u−1. Note that bv = bu if v= tu for some t ∈F×q . We have multiplied
the b1 of [5] by 1 + Y so that the image of each bu under the above isomorphism
has entries in Fq[X ]. Consider now the set of cardinality qd−1 + · · ·+ q + 1 given by
{bu : u∈F×qd =F×q }.
The centre of the group A×=A\{0} is Z(A×) =Fq(Y )\{0}. The above isomor-
phism induces an embedding of A×=Z(A×) into G= PGL(d;Fq(X )), and we let -
denote the subgroup of G generated by the set U of images of the bu’s. It is proved
in [5] that the Cayley graph on - with respect to the (non-symmetric) generating set
U is the directed graph X 1n; q for the building of type A˜n associated with the local 6eld
Fq((X )). Note that Fq((Y ))∼=Fq((X )) because t1 above is non-zero.
Let ) denote an irreducible polynomial in Fq[X ] which does not divide the com-
mon determinant (Y + 1)Yd−1 of the bu ∈Md×d(Fq[X ]). Let k denote the residue 6eld
Fq[X ]=()). The images of the bu’s under the canonical map Md×d(Fq[X ])→Md×d(k)
are in GL(d; k), and taking their images under the natural map GL(d; k)→PGL(d; k)
we get a set U ′, which generates a subgroup -′ of PGL(d; k).
Conjecture 4. The Cayley graph of -′ with respect to U ′ is strongly A˜n-Ramanujan
of type 1.
The covering condition is satis6ed by construction. The diTcult condition to check
is the spectral one.
4.2. X12;3
Here q= 3, and we continue with the notation of the above example. Now ( gen-
erates the group F×27=F
×
3 , and our q
2 + q + 1 = 13 generators are bj = (j(1 + Y + & +
&2)(−j, j= 0; 1; : : : ; 12. These are mapped to the matrices T j((1 + Y )I + S + S2)T−j,
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j= 0; 1; : : : ; 12. These have common determinant Y 2(1 +Y ) = (X +X 2 −X 3)2(1 +X +
X 2 − X 3).
Reduce modulo the ideal generated by )=X − 1. In other words, substitute 1 in
place of X . Then multiply by −1 so that the matrices have determinant 1. Then
bj → gj =T j

 1 0 11 0 −1
1 −1 −1

T−j; j= 0; 1; : : : ; 12:
So all the gj’s are in SL(3;F3), a group of order 5616. One can get MAGMA to check
that they generate that group. The graph we consider is the Cayley graph on that group
with respect to the 13 generators gj. This set of generators is not stable by inversion.
We are therefore calculating the eigenvalues of a non-symmetric matrix (but it is
normal, see the proof of Theorem 3). The calculation takes advantage of the symmetries
of the matrix. In particular, there is a group H of order 3(q2 + q + 1) = 39 which
stabilizes the set of generators by conjugation. It is generated by T and by the matrix
S1 obtained from S by replacing X by 1. Indeed, TgjT−1 = gj+1 and S1gjS−11 = g3j,
for each j, the subscripts being taken mod 13. Consider an eigenfunction f for the
adjacency matrix. We can average f over each H -conjugacy class, and so assume
that f is constant on each of these classes. MAGMA tells us that there are 154
H -conjugacy classes (roughly 5616=39 = 144). The calculation reduces to 6nding the
eigenvalues of a 154 by 154 matrix of integers. Our conjecture is true for n= 2, q= 3,
and )=X − 1. In Fig. 3, the bold dots are the eigenvalues (there are in fact only 68
distinct eigenvalues), and the dotted curve is the boundary of C2;1.
4.3. X12;5
Similar calculations to the preceding section show that the our conjecture is also
true for n= 2, q= 5, and a special ).
Remark 5. Since this paper was completed, Laurent LaMorgue [12] has proved the
Langlands correspondence for GL(n; F), when F =Fq((X )). This should provide an
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important ingredient in a positive resolution of our conjecture (see [20] and [16, p. 94]
for the Ramanujan graph case).
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